Introduction
For two subsets S and S of a topological group G which contain the unit of G as its base points, we say S and S homotopy-commute in G, when the commutator map c from S ∧ S to G which maps (x, y) ∈ S ∧ S to xyx
∈ G is null homotopic. In [3] , the first author showed the next theorem: In this paper, we describe the homotopy-commutativity of Spin(n) and Spin(m) in Spin(n + m − 1).
Definition 1.2. If SO(n) and SO(m) homotopy-commute in SO(n + m − 1), we say (n, m) is SO-irregular, and if not we say (n, m) is SO-regular. Also, If Spin(n) and Spin(m) homotopy-commute in Spin(n + m − 1), we say (n, m) is Spin-irregular, and if not we say (n, m) is Spin-regular.
In the last equality, the index i of x i scans all integers neither of which is not a power of 2 and 3 ≤ i ≤ k − 1. Also, deg(α 2i ) = 2i and deg(x i ) = i.
Further, it can be easily seen that H * (ΩSpin/Spin(n + m − 1)) = 0 for * ≤ n + m − 3 and H n+m−2 (ΩSpin/Spin(n + m − 1)) = Z/2Z whose generator is written as α n+m−2 . When n + m is even, Ωp * (α n+m−2 ) = α n+m−2 ∈ H * (ΩSpin). From above fibrations, we can deduce the following fibration sequences. In [4] , a lift of c SO written as λ SO was constructed and in [3] , it is obtained that
· · · → ΩSpin
Here set λ Spin = λ SO • (p n ∧ p m ). 
Now consider the fibration Z/2Z → Spin(n + m − 1) → SO(n + m − 1). Then for any CW complex X we have the exact sequence of base pointed homotopy sets:
Thus p n+m−1 * is injective and from 2 we can see
In the rest of paper, c, λ, δ stands for c Spin , λ Spin , δ Spin respectively. Proposition 2.2. Assume neither n − 1 nor m − 1 is a power of 2.
If n + m is odd, c is not null homotopic.

Let n + m is even. If for any continuous map
From (1) we can see
since neither n − 1 nor m − 1 is a power of 2. Thus the statement for the case n + m is even is proved.
When n + m is odd, it occurs that
since H * (ΩSpin) is concentrated in even degrees. This contradicts to (3) and c is not null homotopic.
Q.E.D.
In this section we assume that both n and m are odd. From Proposition 2.2 we should look into the homotopy set [Spin(n)∧Spin(m), ΩSpin]. By use of KO-theory we can say that,
since Ω 2 BO ∼ = ΩSO. Further more, the complex representation ring of Spin(2k + 1) is generated by real representations or symplectic representations. (See Proposition 6.19 in P.290 of [8] .) Thus Theorem 5.12. in [11] implies that, when n is odd, KO − * (Spin(n)) is KO − * (pt) free. Therefore we have an decomposition of
From now on, we identify
Proof. First we construct φ i,j . Let ξ n be the universal vector bundle over BO(n) and put
BO → BO be the map which satisfies
Consider the composition of κ i ∧ κ j and φ 0,0 :
We define φ i,j as
and see the composition of α ∧ β and
Taking Ad
of the above composition, we obtain
is the composition of following maps: 
−i
of the above composition, we have
By (4) and the above lemma, it follows that
Therefore we obtain that
From the above theorem, we can deduce the next theorem. 
and
and by Theorem 3.1,
If the hypothesis is satisfied, η * (α n+m−2 ) can not be x n−1 ⊗ x m−1 . Therefore from Proposition 2.2, c is not null homotopic.
the case n and m are odd
In this section we investigate the induced cohomology map of
We start from the next lemma. Proof. Since for any α, β, γ ∈ KO(X),
where p i : X × X × X → X is the projection to i-th component, the next diagram commutes.
Here T is the transposition map, ∆ is the diagonal map and µ : BO × BO → BO is the classifying map of η ∞ × η ∞ over BO × BO. Further,φ i,j is the next composition:
The above diagram says that these are the same. Therefore it occurs that µ *
Similarly we can prove that c t is primitive.
Q.E.D. 
, (4, 6), (5, 5) , (6, 4) , (7, 3) or (0, 2). From the symmetricity, we shall look in to the cases (i, j) = (1, 1), (2, 0), (3, 7) , (4, 6) and (5, 5) . 
We calculate the total Stiefel-Whitney class of η in H *
where t i corresponds to the first component and t i corresponds to the second. Then
Lemma 4.3. The total Stiefel-Whitney class of η satisfies
Proof. Since
we can see that
Here in the part of degrees less than N , (1+t i )
, we obtain that
We proceed the calculation modulo (
2 and obtain
Proof. We set the binary expansion of k − 1, l as
Then we have Q.E.D.
Since φ 0,0 is the classifying map of η ∞⊗ η ∞ , Lemma 4.3 implies that
where r is sufficiently large. Therefore 
here we remark that Second case is φ 1,1 . Consider the composition of following maps.
From (5) and since κ 1 * (decomposable element) = 0 and
the induced cohomology map of this composition can be obtained as
= k+l=i, l: odd
Here we remark that k+l−1 l = 0 when l is odd and k is even. Thus it occurs that
Similarly as the case of φ 2,0 , φ 1,1 = Ad
and from (9) we have
And also The final case is φ 4, 6 . Let ξ R n , ξ C n and ξ H n be the universal bundle over BO(n), BU (n) and BSp(n) respectively and put
Also set c be the classifying map of (η 
We start from the next lemma. 
Therefore above composition pulls back η
On the other hand consider the next composition:
Here κ 8 is defined as follows. From Bott Periodicity, we know that Ω 
and it is known that in K-theory κ 2 * (η
∞ where ζ C is the canonical line bundle over CP First, we calculate the total Chern class of θ in H * (BT
) be the generators as usual. Then in the part of degree less than 4N ,
Now we proceed the calculations of (c ∧ c ) *
On the other hand, considering H * (BSp(N )) ⊂ H * (BSp), in the part of degree less
is a subalgebra of a polynomial algebra, the square of any element in H * (BSp ∧ BSp) does not vanishes. Therefore
in the part of degree less than 2N .
which is the primitive element of H * (BSp(N ) ). Now we have in the part of degrees less than 2N
Now we proceed the calculations modulo (
This leads us to the next lemma.
is the primitive element of degree 4l. 
Remark that
Therefore the statement is also true for φ 4, 6 .
Q.E.D.(Theorem 4.2)
From Theorem 3.3 and Theorem 4.2, the next theorem follows. 
the case n and m are even
In this section we use integral cohomology. Consider the next diagram.
Here π n , π n is the map obtained from
respectively. Also i n is the inclusion map defined as follows. Let l ∈ RP n−1 be a line and let e ∈ l be a unit vector. 
Here, since Pontrjagin square acts trivially in H *
, by the second formula of Wu [12] ,
where w n+m is the image of w n+m under the coefficient monomorphism Z/2Z → Z/4Z and ρ 4 is the map of mod 4 reduction. When neither n nor m is 4, from (13), (14) and Lemma 5.1, we can see that
where α ∈ Ker(ĩ n ∧ĩ m ) * and we obtain
When n = 4 and m = 4, (13), (14) and Lemma 5.2 imply that
where β ∈ Ker( ∧ĩ m ) * and we have 
